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Abstract
This is a survey of methods of proving or disproving the Rapid
Decay property in groups. We present a centroid property of group ac-
tions on metric spaces. That property is a generalized (and corrected)
version of the “(**)-relative hyperbolicity" from [9] and implies the
Rapid Decay (RD) property. We show that several properties which
are known to imply RD also imply the centroid property. Thus uni-
form lattices in many semi-simple Lie groups, graph products of groups,
Artin groups of large type and the mapping class groups have the (rel-
ative) centroid property. We also present a simple “non-amenability-
like" property that follows from RD, and give an easy example of a
group without RD and without any amenable subgroup with super-
polynomial growth.
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1 Introduction
ג(n)
Recall that a length function on a group G is a map L from G to the set
of non-negative real numbers R+ satisfying:
(1) L(gh) ≤ L(g) + L(h) for all g, h ∈ G ;
(2) L(g) = L(g−1) for all g ∈ G ;
(3) L(1) = 0;
A length function is called proper if
(4) For every r > 0 the set {g ∈ G | L(g) ≤ r} is finite.
For a finitely generated group any length function L is dominated by
any word length function LS induced by a finite generating set S, that is,
L(g) ≤ CLS(g) for some constant C and every element g ∈ G. Indeed, if
w = s1s2 . . . sn, where si ∈ S, then L(w) ≤ L(s1)+L(s2)+ . . .+L(sn) ≤ Cn
where C = max(L(s1), . . . , L(sn)).
If G acts on a metric space X by isometries, x0 ∈ X, then the function
Lx0 : g → dist(x0, g · x0) is a length function (easy to check).
Let G be a countable group equipped with a length function L and the
corresponding pseudo-distance dist(a, b) = L(a−1b) (this would be a distance
function if L(g) = 0 → g = 1). The analytic definition of property RD
introduced by Haagerup and Jolissaint (see Jolissaint’s paper [13] or Valette’s
book [28]) is the following. For every s ∈ R the Sobolev space of order s with
respect to L is the set HsL(G) of functions φ on G such that the function
(1 + L)sφ is in l2(G). The space of rapidly decreasing functions on G with
respect to L is the set H∞L (G) =
⋂
s∈RH
s
L(G).
The group algebra of G over C, denoted by CG, is the set of functions
with finite support on G.
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With every element g ∈ G we can associate the linear convolution oper-
ator φ 7→ g ∗ φ on l2(G), where
g ∗ φ(h) = φ(g−1h).
This is just the left regular representation of G on l2(G), it can be extended to
a representation of CG on l2(G) by linearity. This representation is faithful
and every convolution operator induced by an element of CG is bounded.
Therefore we can identify CG with a subspace in the space of bounded
operators B(l2(G)) on l2(G). For every x ∈ CG we denote by ‖x‖∗ its
operator norm, that is
‖x‖∗ = sup{‖x ∗ φ‖ ; ‖φ‖ = 1} .
Definition 1.1. The group G is said to have the RD property with respect
to the length-function L if the inclusion of CG into the reduced C∗-algebra
C∗r (G) of G extends to a continuous inclusion of H
∞
L (G) into C
∗
r (G).
One can reformulate the property RD in the following way involving only
real valued non-negative functions with finite supports (see [9]).
Definition 1.2. Let φ be a function G→ R+ with finite support supp(φ) =
{g ∈ G,φ(g) 6= 0}. The (l2-)norm is defined as usual: ||φ|| =
√∑
g∈G φ(g)
2.
The maximal length of an element from the support of φ will be denoted
by prop(φ) and is called the propagation of φ. If φ,ψ are two functions
with finite supports, then φ ∗ ψ is the function G → R+ defined by φ ∗
ψ(k) =
∑
g∈G φ(g)ψ(g
−1k). We say that G has the property RD if there is a
polynomial 1 P (x) such that for every positive number r and every functions
φ,ψ : G→ R+ with finite supports such that prop(φ) ≤ r, and we have
||φ ∗ ψ||2 ≤ P (r)||φ||2||ψ||2.
Note [9] that if a group satisfies property RD with respect to some length
function L, then it satisfies RD with respect to any length function that
dominates L. In particular, a finitely generated group satisfies property RD
if an only if it satisfies RD with respect to the word length function (induced
by a finite generating set).
Property RD turned out to be important in several areas of mathematics,
from analytic K-theory to C*-algebras to random walks on Cayley graphs of
1Here and below all coefficients of all polynomials are assumed to be non-negative, so
that the polynomials are strictly increasing on R+.
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groups. Most notably, groups having property RD “very often" satisfy the
Baum-Connes conjecture (without coefficients), hence the Novikov conjec-
ture, etc. [27, 28].
Many classes of groups are known to satisfy RD. After Haagerup proved
it for the free groups [11], Jolissaint and de la Harpe proved it for all Gromov
hyperbolic groups [13, 12]. Non-uniform lattices in higher rank semi-simple
Lie groups do not have RD. One of the most stimulating conjectures in the
area is the conjecture of Valette [28, Conjecture 7] that all uniform lattices
in semi-simple Lie groups should have property RD. That conjecture is still
wide open even for SL4(R) in spite of a lot of efforts. By results of Ramagge,
Robertson, Steger [22], Lafforgue [14], Chatterji [5] and Talbi [26] we know
that every uniform lattice in SL3(K) where K is a field R or C or a ring of
quaternions or octonions, and in many direct products of such Lie groups and
Lie groups of rank 1 have property RD. More recently Chatterhi, Ruane [6]
and Druţu and myself [9] proved property RD for groups that are relatively
hyperbolic with respect to groups with RD, Behrstock and Minsky [2] proved
it for the mapping class groups of surfaces, Ciobanu, Holt and Rees proved
RD for large type Artin groups and for graph products of groups with RD
[7], [8].
Even though the classes of groups which are known to have RD are quite
different, the methods of proofs are “asymptotically similar". The reason why
the free groups have RD is that every geodesic triangle on a tree has a center
which belongs to every side of the triangle. For Cayley graphs of hyperbolic
groups, a center of a triangle may not belong to all three sides, but it is at
bounded distance from all three sides (this is Rips’ definition of hyperbolic
groups). For triangles in the Cayley graphs of relatively hyperbolic groups
[9] and in symmetric spaces of Lie groups such as SL3(R) [14] every triangle
has an “inscribed" nice and relatively small triangle from certain family of
triangles (properties (*) and (Kδ) below). Chatterji and Ruane used clouds
of centers [6], and Ciobanu, Holt and Rees [8] used a condition which can be
interpreted as a center-like condition (see below). The goal of this paper is
to present an easy to formulate and check “centroid" condition which follows
from the centroid-type conditions used before and implies property RD. Such
an attempt was made at the end of our paper [9]. There we formulated
our property “(**)-relative hyperbolicity". But that property is not general
enough and the definition of (**) in [9] contains errors.
The centroid and relative centroid properties introduced in Section 2
below can be considered as the “true (**)-relative hyperbolicity". We present
proofs that both the centroid property and the relative centroid property
with respect to sets of triples satisfying RD imply property RD. Although
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the proofs are similar and the first result follows from the second one, we
present both proofs for educational reasons (the first proof is much easier and
more “natural"). Also algebraists like me do not often get the pleasure of
using the Cauchy-Schwarz inequality in their papers, and it is used twice in
each proof. In Section 3 we shall show that the (relative) centroid property
follows from several “center-like" properties studied earlier. In Section 4, we
present a combinatorial consequence of property RD, and give an example
of a group without RD and without amenable subgroups of superpolynomial
growth (the question of existence of such groups was discussed at the AIM
workshop on property RD (Palo Alto, January 23 to January 27, 2006).
Acknowlegement. I would like to thank Jason Behrstock, Indira Chat-
terji, Laura Ciobanu, Cornelia Druţu, Paul Jolissaint, Mitchel Kleban, Bog-
dan Nica, Denis Osin and Sarah Rees for helpful conversations. I would also
like to thank Yair Minsky for pointing out a mistake in [9].
2 The centroid and relative centroid properties
2.1 The centroid property and RD
Definition 2.1. Let G be a countable group acting by isometries on a metric
space (X,dist), x0 ∈ X with point stabilizers finite of uniformly bounded
sizes. We assume that L is the length function defined by L(g) = dist(x0, g ·
x0) (as in Section 1). Let c be a map from the set of pairs G
2 = G ×G to
X. We can view G as embedded into X (by the map g → g · x0), a pair
(g, k) ∈ G×G as the vertices of triangle (x0, g · x0, k · x0), and c = c(g, k) as
a “center" of that triangle. We say that G and c satisfy the centroid property
if for some polynomial P (x) we have
(c1) For every k ∈ G and every r > 0 the number of elements in the set
{c(g, k), L(g) ≤ r} does not exceed P (r).
(c2) For every g ∈ G the number of elements in the set {c(g, k), k ∈ G}
does not exceed P (L(g)).
(c3) For every h ∈ G the number of elements in the set {g−1c(g, gh), L(g) ≤
r} does not exceed P (r).
In this case X will be called the space of centroids of G and c will be called
the centroid map.
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It is obvious that every group satisfying the centroid property with re-
spect to a length function L also satisfies this property with respect to any
length function that dominates L.
Remark 2.2. Note that if c can be equivariantly extended from triangles
(1, g, k) to arbitrary triangles (a, b, c) ∈ G3 and, as a map on G3, c(a, b, c)
is invariant under the permutations of variables, then (c3) follows from (c1).
Indeed, c(g, gh) = c(1, g, gh) = gc(g−1, 1, h) = gc(1, g−1, h) = gc(g−1, h).
Theorem 2.3. The centroid property implies property RD.
Proof. Let φ,ψ : G → R+ be two functions with finite supports and the
propagation of φ is equal to r. We need to estimate ||φ ∗ ψ||2 from above.
By definition
||φ ∗ ψ||2 =
∑
k
 ∑
g∈supp(φ)
φ(g)ψ(g−1k)
2 .
We can rewrite this sum as
∑
k

∑
c
∃g∈supp(φ) :
c=c(g,k)
∑
g
c=c(g,k)
φ(g)ψ(g−1k)

2
. (1)
Let us use the following corollary of the Cauchy-Schwarz inequality which
is true for all real ai ∈ R:(
n∑
i=1
ai
)2
=
(
n∑
i=1
1 · ai
)2
≤
n∑
i=1
12
n∑
i=1
a2i ≤ n
∑
a2i . (2)
We can apply (2) to the first inner sum in (1). By (c1), for each k ∈ G
the number of possible points c such that c = c(g, k), where L(g) ≤ r, does
not exceed P (r). Therefore the sum in (1) does not exceed
P (r)
∑
k
∑
c
∃g : c=c(g,k)
 ∑
g
c=c(g,k)
φ(g)ψ(g−1k)

2
.
(3)
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Applying the Cauchy-Schwarz inequality to the inner sum in (3), we
deduce that (3) does not exceed
P (r)
∑
k
∑
c
 ∑
g :
c=c(g,k)
φ(g)2


∑
h :
c=c(kh−1,h),
L(g)≤r
ψ(h)2
 (4)
(we denoted g−1k by h).
Let us compute the number of times the expression φ(g)2ψ(h)2 for given
g, h ∈ G occurs in the expansion of (4). It is easy to see that it is equal to
the number of pairs (k, c) such that for some g1, h1 ∈ G, L(g1) ≤ r, we have
c = c(g, gh1) = c(g1, g1h), g1h = gh1 = k. (5)
Let us fix g, h, L(g) ≤ r. Then the number of possible points c =
c(g, gh1) is at most P (r) by (c2). Now, in addition to fixing g, h, let us fix
c = c(g, gh1) = c(g1, g1h) for some g1, h1 where g1h = gh1 and estimate the
number of possible elements k = g1h. We have k
−1 ·c = h−1 ·(g−11 ·c(g1, g1h)).
By (c3) the number of points g
−1
1 · c(g1, g1h) with L(g1) ≤ r is at most P (r).
Since orders of the point stabilizers of the action of G on X are uniformly
bounded by some constant K, we have that the number of possible elements
k (given g, h, c) does not exceed KP (r). Therefore the number of pairs (k, c)
for any given g, h does not exceed KP 2(r). Hence
||φ ∗ ψ||2 ≤ KP (r)3||φ||2||ψ||2
and property RD follows.
2.2 The relative centroid property
The centroid property is a generalization (and correction) of the (**)-relative
hyperbolicity with respect to the trivial subgroup from [9]. The full (**)-
relative hyperbolicity can be generalized too in a very similar manner.
First we need to slightly generalize the property RD (this generalization
can be found in [14]).
We say that an action of a group G on a metric space is almost free if
the diameters of all point stabilizers are uniformly bounded from above.
Let X be a metric space and G be a group acting on X almost freely. For
every x,y ∈ X2/G, the product xy is defined as xy = {(α, γ),∃β : (α, β) ∈
x, (β, γ) ∈ y}.
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In general xy is a union of orbits of G but if the action is free, the
situation is better.
Lemma 2.4. If the action of G in X is free, then for every x,y ∈ X2/G
we have xy ∈ X2/G.
Proof. Indeed, if (α, γ), (α′, γ′) ∈ xy, then for some β, β′ ∈ X, we have
(α, β) ∈ x, (β, γ) ∈ y, (α′, β′) ∈ x, (β′, γ′) ∈ y. Then there exists g, g′ ∈ G
such that g · (α, β) = (α′, β′), g′ · (β, γ) = (β′, γ′). Then g · β = g′ · β. Hence
g = g′ since the action is free, and g · (α, γ) = (α′, γ′). Thus xy coincides
with an orbit of G in X2.
A G-orbit from X2 containing a pair (α, β) will be denoted by [α, β].
Lemma 2.5. If the action of G on X is free, then every k ∈ G is uniquely
determined by two points α, β ∈ X and the orbit [α, k · β].
Proof. Indeed, since the action of G on X is free, for every α ∈ X, the orbit
contains at most one pair of the form (α, δ). Thus, given α and [α, k · β], we
can determine k · β uniquely. Since β is given, we can determine k.
A function φ from X2 → R+ is called G-invariant if φ(g ·x, g ·y) = φ(x, y)
for every g ∈ G,x, y ∈ X. In that case φ induces a function X2/G → R+
which we shall denote by φ also. We say that G-invariant function φ has
finite support if its support consists of finite number of G-orbits x ∈ X/G.
Another fact that we will be using is the following.
Given two functions φ,ψ X2 → R+ and a subset T ⊂ X3, we can define
the convolution of φ,ψ relative to T :
φ ∗T ψ(x, y) =
∑
z∈X,(x,z,y)∈T
φ(x, z)ψ(z, y).
Note that if φ,ψ, T are G-invariant, then φ ∗T ψ is G-invariant and the
support of φ ∗T ψ consists of some (possibly not all) orbits xy where x ∈
X2/G is in the support of φ, y ∈ X2/G is in the support of ψ.
The propagation prop(φ) of a function φ : X2 → R+ is the maximal
dist(x, y) for all pairs (x, y) from the support of φ. The norm ||φ|| for a
G-invariant function φ : X2 → R+ is the norm of the induced function on
X2/G (that is the square root of the sum of squares of values of φ on the
orbits of G). Thus
||φ||2 =
∑
x∈X2/G
φ(x)2.
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So for every two functions φ,ψ : X2 → R with finite supports
||φ ∗ ψ||2 =
∑
z∈X2/G
 ∑
x,y∈X2/G:z⊆xy
φ(x)ψ(y)
2 . (6)
We say that a G-invariant subset T ⊆ X3 satisfies property RD if
there is a polynomial P (r) such that for every two G-equivariant functions
φ,ψ : X2 → R+ with finite support and prop(φ) ≤ r we have
||φ ∗T ψ||2 ≤ P (r)||φ||2||ψ||2.
Remark 2.6. Clearly a group G with length function L has property RD
if and only if it has RD relative to the set G3 of all triples (the centroid
space is G itself). Moreover if G is a group with length function L and H
is a subgroup of G with induced length function LH , then H has RD with
respect to the length function LH if and only if the set of triples G · H3 =
{(gh1, gh2, gh3), g ∈ G,h1, h2, h3 ∈ H} has RD.
Definition 2.7. Let G be a group acting almost freely on a metric space X
(the space of centroids). Let T1, . . . , Tn be G-invariant subsets of X
3. We say
that the group G has relative centroid property with respect to T1, . . . , Tn if
there exists a function rc : G2 → ⋃mi=1 Ti and a polynomial P (r) such that
(rc1) For every k ∈ G the number of pairs (α, γ) ∈ X2 such that for some
g ∈ G,L(g) ≤ r and β ∈ X, rc(g, k) = (α, β, γ) does not exceed P (r).
(rc2) For every g ∈ G the number of pairs (α, β) ∈ X2 such that for some
k ∈ G and γ ∈ X, rc(g, k) = (α, β, γ) does not exceed P (L(g)).
(rc3) For every h ∈ G the number of pairs g−1 · (β, γ) ∈ X2 such that for
some g ∈ G,L(g) ≤ r and α ∈ X, rc(g, gh) = (α, β, γ) does not exceed P (r).
(rc4) For every g, k ∈ G, if (α, β, γ) = rc(g, k), then
dist(α, β) ≤ P (L(g)),dist(α, γ) ≤ P (L(k)),dist(β, γ) ≤ P (L(g−1k)).
Note that the centroid property is the same as the relative centroid prop-
erty with respect to the diagonal T of X3 where X is the centroid space.
Theorem 2.8. If G as above has a relative centroid property with respect
to sets T1, . . . , Tm ∈ X3 which have property RD, and the length function is
proper, then G has property RD,
Proof. The proof is similar to the proof of Theorem 2.3 (and to the proof
of [9, Theorem 3.1]). In the proof, we assume, to simplify formulas, that
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m = 1. The case of m > 1 is very similar and is left to the reader. Let us
denote T1 by T .
First assume that the action of G on X is free. We shall deal with almost
free actions later.
For every triple x = (α, β, γ) and every subset S of {1, 2, 3} let piS(x)
be the projection of x onto the coordinates from S. For example, pi13(x) =
(α, γ).
To simplify formulas, we need the following notation.
For every k ∈ G, let Dk be the set of triples (α, [α, γ], k−1 · γ) ∈ X ×
X2/G ×X such that for some g ∈ G, γ ∈ X, (α, β, γ) = rc(g, k). For every
d ∈ Dk let Cd be the set of triples ([α, β], [β, γ], g−1 ·β) ∈ X2/G×X2/G×X
such that (α, [α, γ], k−1 · γ) = d and rc(g, k) = (α, β, γ).
The sets pi13(Dk), pi1(Dk), pi3(Dk) are denoted by LRk, Lk and Rk re-
spectively.
We denote by D the union of all Dk, k ∈ G. The sets LR, L, R are
defined similarly. By Lemma 2.5, the element k is uniquely determined by
any triple (α, [α, γ], k−1 · γ). Thus there is a natural map η from the set of
all triples (α, [α, γ], k−1 ·γ) to k. It takes each Dk to k (in particular the sets
Dk for different k are disjoint). Note that if (α, β, γ) = rc(g, k), then
η(α, [α, β], g−1 · β) = g,
η(g−1β, [β, γ], k−1 · γ) = g−1k,
η(α, [α, γ], k−1 · γ) = k.
(7)
By Lemma 2.4 we also have
[α, β][β, γ] = [α, γ]. (8)
We can rewrite ||φ ∗ ψ||2 as follows:
∑
k
 ∑
(α,γ)∈X2
∑
g
(α,γ)=pi13rc(g,k)
φ(g)ψ(g−1k)

2
. (9)
We can apply (2) to the first inner sum in (9). Using (rc1) we deduce
that the sum in (9) does not exceed
P (r)
∑
k
∑
(α,γ)
 ∑
g
(α,γ)=pi13rc(g,k)
φ(g)ψ(g−1k)

2
.
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By (7) this does not exceed
P (r)
∑
k
∑
d=(α,z,κ)∈Dk
 ∑
(x,y,δ)∈Cd
φ(η(α,x, δ))ψ(η(δ,y, κ))
2 (10)
(here κ denotes k−1 · γ, δ denotes g−1 · β).
The inner sum in (10) can be rewritten as
∑
(x,y)∈pi12(Cd)
 ∑
δ:(x,y,δ)∈Cd
φ(η(α,x, δ))ψ(η(δ,y, κ))
 (11)
Applying the Cauchy-Schwarz inequality to the inner sum, we deduce
that the number in (11) does not exceed
∑
(x,y)∈pi12(Cd)
 ∑
δ:(x,y,δ)∈Cd
φ(η(α,x, δ))2

1
2
 ∑
δ:(x,y,δ)∈Cd
ψ(η(δ,y, κ))2

1
2
(12)
Fixing k, α, κ (and thus fixing d), we define two functions Φ,Ψ: X2/G→
R+ as follows. For every x,y ∈ X2/G we define Φ(x) as ∑
δ:∃y(x,y,δ)∈Cd
φ(η(α,x, δ))2

1
2
and Ψ(y) as  ∑
δ:∃x(x,y,δ)∈Cd
ψ(η(δ,y, κ))2

1
2
Both functions are with finite supports. Moreover prop(Φ) ≤ P (r) by
(rc4). Then (12) does not exceed∑
x,y:xy=z
Φ(x)Ψ(y).
Thus (11) does not exceed (Φ ∗Ψ)(z) and (10) does not exceed
P (r)
∑
k
∑
(α,κ)∈LRk
||Φ ∗T Ψ||2 (13)
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By property RD for T , there exists a polynomial P ′(r) such that (13)
does not exceed
P (r)P ′(P (r))
∑
k
∑
(α,κ)∈LRk
||Φ||2||Ψ||2.
which can be rewritten as
P (r)P ′(P (r))
∑
k
∑
(α,κ)∈LRk
∑
x,δ
φ(η(α,x, δ))2
∑
y,δ
φ(η(δ,y, κ))2

which does not exceed
P (r)P ′(P (r))
∑
(α,κ)∈LR
∑
x,δ
φ(η(α,x, δ))2
∑
y,δ
φ(η(δ,y, κ))2
 . (14)
This without the factor P (r)P ′(P (r)) can be estimated from above by
∑
(α,x,δ)
∃g,k,γ:(α,g·δ,γ)=rc(g,k),
x=[α,g·δ]
φ(η(α,x, δ))2


∑
(δ,y,κ)
∃k,gα:(α,g·δ,k·κ)=rc(g,k),
y=[g·δ,k·κ]
ψ(η(δ,y, κ))2

By Lemma 2.5, for every g ∈ G the number of times φ(g)2 appears in the
first sum in this expression is at most the number of pairs (α, β) = pi12rc(g, k)
where k runs over G. This number does not exceed P (r) by (rc2). Similarly
the number of times φ(h)2 appears in the second sum is at most the number
of pairs g−1pi23rc(g, gh) as g runs over the set of elements of G of length at
most r. This number is at most P (r) by (rc3). Thus (14) does not exceed
P (r)3P ′(P (r))||φ||2||ψ||2.
Hence
||φ ∗ ψ||2 ≤ P (r)3P ′(P (r))||φ||2||ψ2||.
Now let us assume that the action of G on X is almost free. Let distX
be the metric on X. For every x ∈ X let Gx be the stabilizer of x in G.
Choose a point xC in every orbit C of G in X. We can define a metric
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distC to G by distC(g, h) = dist(g · xC , h · xC) + 1 provided g 6= h, and
distC(g, h) = 0 otherwise. The metric space G with this metric will be
denoted by GC . Now let us consider the disjoint union Y = ⊔CGC . We
define the metric distY on Y as follows. If two points g, h are in the same
GC , then distY (g, h) = distC(g, h), if g ∈ GC , h ∈ GC′ , C 6= C ′, then set
distY (g, h) = distX(g ·xC , h ·xC′)+1. The group G acts on Y by g ·h = gh.
We leave it to the reader to check that the action is free and by isometries.
2 There is a natural map ρ from Y to X which takes each s ∈ GC to s · xC .
This map is G-equivariant, for every y, y′ ∈ Y we have
distX(ρ(y), ρ(y
′)) ≤ distY (y, y′) ≤ distX(ρ(y), ρ(y′)) + 1
and for every x ∈ X the diameter of the set ρ−1(x) does not exceed 1 and
hence the number of elements in ρ−1(x) does not exceed a uniform constant
K.
Let T ′ = ρ−1(T ). Then T ′ is a G-invariant subset of Y 3. It is easy
to check that T ′ satisfies property RD. Let rc be the relative centroid map
G2 → X3. Then for every g, k let rc′(g, k) be any triple from ρ−1(rc(g, k)).
It is very straightforward to check that rc′ satisfies properties (rc1)-(rc4).
Since the action of G on Y is free, we can apply the result we have already
proved.
Recall [13] that a group has RD if and only if its subgroup of finite index
has RD and if and only if factor-group over a finite normal subgroup has
RD. Here are the analogs of these results for the relative centroid property.
Definition 2.9. We say that G has a relative centroid property with respect
to subgroups H1, . . . ,Hm if it has the relative centroid property with centroid
space G3 (with the natural action by G) and the sets of triples Ti = G·H3i , i =
1, . . . ,m (see Remark 2.6).
Corollary 2.10. Suppose that H is a finite index subgroup of G. Then G
has a relative centroid property with respect to H.
Proof. Indeed, let {x1, . . . , xn} be representatives of left cosets of H in G and
{y1, . . . , yn} be representatives of the right cosets of H in G. Then for every
pair (g, k) ∈ G2, let g = xih, g−1k = h′yj for some h, h′ ∈ H, 1 ≤ i, j ≤ n.
We set rc(g, k) = (xi, xih, xihh
′) ∈ G · H3. It is a straightforward exercise
that rc satisfies properties (rc1)− (rc4).
2The construction of the space Y presented in [6, Page 335], is not complete because
an action of G on Y is not defined there, and it is not at all clear how to define such an
action. A better explanation (similar to the one we give here) can be found in [4, Remark
2.15].
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Corollary 2.11. Suppose that H = G/N where N is a finite normal sub-
group of G. Suppose that H has a relative centroid property with respect
to a centroid space X and sets of triples T1, . . . , Tn. Then G has a relative
centroid property with respect to X and T1, . . . , Tn.
Proof. Indeed, the almost free action of H on X induces an almost free
action of G on X. The centroid map rc on G is obtained as a composition
of the centroid map from H and the natural homomorphism G → H. It is
easy to see that rc satisfies the conditions (rc1)− (rc4).
3 Examples of groups with the centroid property
3.1 The mapping class group of an oriented surface
The following theorem is essentially proved by Behrstock and Minsky in [2].
Nevertheless the formulations of Theorems 1.2 and 3.2 of [2] contain mistakes
(and the proof of Theorem 3.2 contains a mistake too)3.
Theorem 3.1. The mapping class groupMCG(Sg,p) of an orientable surface
of genus g and p punctures where 3g−3+p ≥ 1 satisfies the centroid property
(and hence has property RD).
Proof. We shall use the notation and terminology from [2]. Only the cen-
troids in the sense of [2] we shall call BM-centroids to avoid confusion with
the centroids from the centroid property. Let M be the marking graph of
Sg,p. Then M is a locally finite graph and MCG(Sg,p) acts on M by isome-
tries, properly and co-compactly. Therefore the stabilizers of points of M in
MCG(Sg,p) are finite and their sizes are uniformly bounded, so the action is
almost free.
We shall view M as the centroid space for MCG(Sg,p). Fix a marking
µ ∈ M with trivial stabilizer in MCG(Sg,p). Consider the length function
on G defined by L(g) = dist(µ, g · µ). Take any pair of elements g, k ∈
MCG(Sg,p). Then let c(g, k) be a BM-centroid of the triple (µ, g · µ, k · µ)
(see [2, The first paragraph of the proof of Theorem 3.2]).
3The mistake in [2, Theorem 1.2] is that an equivariant map κ : MCG(Sg,p)
3
→
MCG(Sg,p) ([2, Condition 2 of Theorem 1.2]) cannot be invariant under all permutations
of the arguments ([2, Condition 1 of Theorem 1.2]). Indeed, if g is an element of order 3
(there are elements of order 3 in MCG(Sg,p)), then κ(1, g, g
2) = gκ(g2, 1, g) = gκ(1, g, g2),
a contradiction. The same mistake was made in [9, Section 4] where we gave an informal
definition of property (**) (as was pointed out to us by Yair Minsky). It did not affect
the main results of [9].
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Let us prove that c satisfies the conditions (c1), (c2), (c3). First note that
c(g, k) is at uniformly bounded distance from a geodesic [µ, g · µ] and also
from some geodesics [g · µ, k · µ] and [µ, k · µ]. Therefore c(g, k) is contained
in the intersection of the Σ-hulls of pairs of points (µ, g · µ), (g · µ, k · µ),
(µ, k · µ) (see [2, The second paragraph of Section 4.1]).
(c1) This follows from [2, Part 4 of Theorem 1.2] whose proof is not
affected by the errors mentioned above.
(c2) immediately follows from [2, Theorem 4.2].
(c3) Let r > 0 and g, h ∈ MCG(Sg,p), L(g) = r. By construction
c = c(g, gh) is the BM-centroid of the triangle (µ, g · µ, gh · µ). Also by
construction, g−1 ·c is a BM-centroid of the triangle (g−1 ·µ, µ, h ·µ) which is
the same as the triangle (µ, g−1 · µ, h · µ). Since the set of possible centroids
of any triangle inM has uniformly bounded diameter (by [2, Theorem 2.9]),
the number of possible points of the form g−1 · c(g, gh) (as g varies) does not
exceed k3r
ξ for some uniform constant k3 where ξ = 3g − 3 + p.
3.2 The Chatterji-Ruane property
Definition 3.2 (See [6]). Let G be a group acting freely4 by isometries on a
metric space (X,dist). such that there is a G-equivariant map C : X ×X →
P(X) (where P(X) is the set of all subsets of X), (x, y)→ C(x, y), satisfying
the following (for any x, y, z ∈ X).
(i) x ∈ C(x, y).
(ii) C(x, y) ∩ C(y, z) ∩ C(z, x) 6= ∅.
(iii) There is a polynomial R such that for any r ∈ R+, the cardinality of
C(x, y) ∩ B(x, r) is bounded above by R(r) where B(x, r) is the ball
of radius r and center x in X.
(iv) There is a polynomial Q such that if dist(x, y) ≤ r, then the diameter
of C(x, y) is bounded by Q(r).
Then we shall say that G has the Chatterji-Ruane (CR) property.
Remark 3.3. Condition (i) is missing in [6], but the authors of [6] informed
me that it is used in the proof of the fact that the CR property implies RD
and holds in all example of groups satisfying the CR property from [6].
Theorem 3.4. The CR property implies the centroid property.
4This condition can be replaced by “almost freely" as shown in [4], see also the end of
the proof of Theorem 2.8.
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Proof. We shall use X as the centroid space of G. Let c be any map G×G→
X with the property c(g, k) ∈ C(x0, g · x0) ∩ C(x0, k · x0) ∩ C(g · x0, k · x0)
where x0 is a fixed base point (by (ii) such a map exists). We shall prove
that c is a centroid map, that is conditions (c1), (c2) and (c3) from Definition
2.1 hold.
(c1) Fix an element k ∈ G. Let r > 0. Let L(g) ≤ r, c(g) = c(g, k).
Then c belongs to C(x0, g · x0). By (i) C(x0, g · x0) contains x0. By (iv)
the diameter of C(x0, g · x0) does not exceed Q(r). By (iii) the number of
possible c(g) with L(g) ≤ r does not exceed R(Q(r)). This gives (c1).
(c2) is proved the same way as (c1).
(c3) Fix an element h ∈ G. Consider all elements g ∈ G with L(g) ≤ r.
Then, by the definition,
c(g, gh) ∈ C(x0, g · x0) ∩C(x0, gh · x0) ∩C(g · x0, gh · x0.)
Therefore by the equivariance of the map C, we have
g−1 · c(g, gh) ∈ C(g−1 · x0, x0) ∩ C(g−1 · x0, h · x0) ∩C(x0, h · x0).
Hence g−1 · c(g, gh) ∈ C(g−1 · x0, x0). Since dist(g−1 · x0, x0) ≤ r, the set
C(g−1 · x0, x0) is contained in the ball B(g−1 · x0, Q(r)) ≤ B(x0, Q(r) + r)
because L(g) ≤ r (by conditions (i) and (iv)). Therefore the number of
possible points of the form g−1 · c(g, gh) does not exceed R(Q(r) + r) (by
(iii)).
Corollary 3.5 (Chatterji-Ruane, [6], Theorem 0.4). Groups acting properly
with uniformly bounded stabilizers and cellularly on a CAT(0) cube complex
of finite dimension have the centroid property.
Remark 3.6. Corollary 3.5 and Theorem 3.1 have been recently general-
ized by Bowditch [3]. He proved that every coarsely median group satisfies
property RD. 5For the precise precise definition of coarsely median groups
see [3, Page 170]. Informally, it means that that there exists a “centroid"
map G3 → G such that a) if we modify the triple t ∈ G3 slightly, then the
“centroid" does not change much and b) every finite subset A of G is “quasi-
isomorphic" to a median algebra, with error constant depending only on the
size of A. Both the groups acting “nicely" on CAT(0) cube complexes and
mapping class groups are coarsely median groups (see [3]).
5Note that the centroid “cloud" map used in [3] is not necessarily equivariant as was
noticed by Rudolf Zeidler. Moreover, even if it is equivariant, the argument [3] repeats
the same mistake as [9] and [2], see Footnote 3. Nevertheless, it is easy to deduce from [3]
that these groups satisfy the centroid property.
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Corollary 3.7 (Osin, [21]). Every finitely generated group given by a (pos-
sibly infinite) set of relations satisfying the small cancelation property C ′(λ)
with λ < 1/6 has the CR property, and hence the centroid property and
property RD.
Proof. Let Γ be the (right) Cayley graph of G corresponding to a finite gen-
erating set with the natural (left) action by G. For every pair of points
x, y ∈ Γ choose a geodesic path [x, y]. Then let C(x, y) consist of all points
on [x, y] and all points on the loops γ of Γ labeled by the defining relations
of G such that |γ ∩ [x, y]| ≥ 16 |γ|. The fact that this map satisfies condi-
tions (i)-(iv) follows almost immediately from Strebel’s description [25] of
geodesic triangles in the Cayley graphs of groups given by small cancelation
presentations (see [21]).
Remark 3.8. Property RD for groups given by presentations satisfying
C ′( 110 ) was proved before by Arzhantseva and Druţu [1].
3.3 The Ciobanu-Holt-Rees property
Let G be a finitely generated group with the word length function (with
respect to some finite generating set). We say that (x, y) ∈ G × G is a
factorisation of g ∈ G if g = xy, L(x) + L(y) = L(g). Let D be a subset of
the set of all decompositions of elements of G. Let S(r) denote the set of all
elements of length r (the sphere of radius r in the Cayley graph of G). For
every g ∈ S(r + r′) let Fg,r,r′ be the number of elements of the subset of D
consisting of all decompositions (x, y) ∈ D of G with L(x) = r, L(y) = r′.
Let FD,r,r′ be the supremum of all numbers Fg,r,r′ , g ∈ S(r + r′).
Definition 3.9 (See [8]). Suppose that
(D1) FD,r,r′ is bounded above by P1(min(r, r′)) for some polynomial P1(x).
(D2) For each k ∈ G, each r, r′ ∈ R+, there is a subset U(k, r, r′) of G×G×G
as follows. For each representation of k as a product g1g2 with g1 ∈
S(r), g2 ∈ S(r′), U(k, r, r′) contains a triple (f1, gˆ, f2), for which k =
f1gˆf2, and kˆ = h1h2, where (f1, h1) ∈ D, L(f1) + L(h1) = r, f1h1 =
g1 and (h2, f2) ∈ D, L(h2) + L(f2) = r′, h2f2 = g2, L(h1), L(h2) ≤
Kmin(r, r′) for some uniform constant K. Furthermore, there are
polynomials P2(x), P3(x) such that
(a) for all k, r, r′, |U(k, r, r′)| ≤ P2(min(r, r′)),
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Figure 1: Condition D2 of the CHR property
(b) |T (r, r′)| ≤ P3(min(r, r′)), where T (r, r′) = {kˆ : ∃k, (f1, kˆ, f2) ∈
U(k, r, r′)}.
Then we say that G satisfies the Ciobanu-Holt-Rees (CHR) property.
Theorem 3.10. The CHR property implies the centroid property.
Proof. Suppose that G satisfies the CHR property with respect to a set of
factorizations P, polynomials P1, P2, P3 and the word length function L. Let
dist be the associated distance function: dist(g, h) = L(g−1h). The group G
acts (on the left) on itself freely by isometries, so let the centroid space X
be (G,dist).
For every pair of elements (g, k) of G , L(g) ≤ r, let us pick one triple
(f1, gˆ, f2) from U(k, r, L(g
−1k)) as in (D2). Then let us define c(g, k) = f1.
Let us prove that this function c satisfies parts (c1), (c2) and (c3) of the
centroid property.
(c1) Let k ∈ G, r > 0. By part (a) of (D2) there are at most rP2(r)
triples in U(k, r, L(g−1k)). Therefore there are at most rP2(r) choices for
c(g, k).
(c2) Let g ∈ G. By (D1), there are at most L(g)P1(L(g)) factorisations
of g from P. Hence the there are at most L(g)P1(L(g)) choices of c(g, k)
(k ∈ G).
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(c3) Let h ∈ G. Pick any g ∈ G. Let k = gh, so on Figure 1 g1 = g, g2 =
h. Let f1 = c(g, gh). Then g
−1f1 = h1 where (f1, h1) is a factorization of
g from P. Let h1h2 = kˆ. By (D2), the length of h2 does not exceed Kr.
Then the number of possible elements h2 (with h fixed) does not exceed
F(D,Kr,L(h)) ≤ P1(Kr). The number of possible elements kˆ = h1h2 does
not exceed P3(r) by part (b) of (D2). Therefore the number of possible
elements h1 = g
−1
c(g, gh) does not exceed P1(Kr)P3(r).
Theorem 3.10 and [8] imply the following
Corollary 3.11. Artin groups of large type have the centroid property.
3.4 The (*)-relative hyperbolicity
Notation: For a subset Y in a metric space we denote by N δ(Y ) the closed
tubular δ-neighborhood of Y , that is {x | dist(x, Y ) ≤ δ}.
Definition 3.12. Let G be a group and let H1, ...,Hm be subgroups in G.
We say that G is (*)-relatively hyperbolic with respect to H1, ...,Hm if there
exists a finite generating set S of G, and two constants σ and δ such that
the following property holds:
(*) For every triple of points A,B,C in the (right) Cayley graph of G with
resperct to S pick geodesics connecting each pair of points: geod[A,B],
geod[B,C] and geod[A,C]. Then there exists a coset gHi such that
N σ(gHi) intersects each of the geodesic sides of the triangle, and the
entrance (resp. exit) points A1, B1, C1 (resp. B2, C2, A2) of the sides
geod[A,B], geod[B,C] and geod[C,A] in N σ(gHi) satisfy
dist(A1, A2) < δ, dist(B1, B2) < δ, dist(C1, C2) < δ .
By [9, Proposition 2.9] if G is (strongly) relatively hyperbolic with respect
to subgroups H1, . . . ,Hm, then it is (*)-relatively hyperbolic with respect to
these subgroups.
Theorem 3.13. If G is (*)-relatively hyperbolic with respect to a subgroup
H, and H satisfies the centroid property, then G satisfies the centroid prop-
erty.
Proof. Let X be a centroid space for H and cH be its centroid map. We
assume that the action of G on X is free. The general case of almost free
actions is similar.
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Figure 2: (*)-relative hyperbolicity
We construct a centroid space for G as a representation induced by the
representation of H (in Iso(X)) in the following fairly standard manner.
Let Y = X × G. Define an action of G on Y by g · (x, k) = (x, g−1k).
Now define an equivalence relation ∼ on Y by (x, k) ∼ (h · x, kh) for every
h ∈ H. Let Z = Y/∼. Note that ∼ respects the action of G on Y : for every
g, k ∈ G,h ∈ H,x ∈ X, g · (x, k) = (x, g−1k) ∼ (h · x, g−1kh). Therefore G
acts in a natural way on Z.
The set X maps into Z by x 7→ (x, 1)/∼. It is easy to see that this map
is injective, and is equivariant with respect to the action of H. The action
of G on Z is free. Indeed, if g · (x, k) = (x, g−1k) ∼ (x, k) for some g, k, x,
then there exists h ∈ H such that h · x = x, g−1kh = k. Since the action of
H on X is free, we deduce that h = 1, hence g = 1.
Let U be a set of representatives of all left cosets gH of the subgroup
H in G. We assume that for every coset tH, its representative in U has
the smallest possible length in G. In particular, 1 is the representative of
the coset H. It is easy to check that every ∼-class contains unique el-
ement of the form (x, t), t ∈ U . Thus we can identify Z with the set
Z ′ = {(x, t) | x ∈ X, t ∈ U}. The corresponding action of G on Z ′ is
defined as follows: g(x, t) = (h−1 · x, t′) where g−1t = t′h, t′ ∈ U, h ∈ H.
Let us define a metric dist on Z by dist((x, 1), (y, t)) = dist(x, y) +L(t) and
dist((x, t), (y, t′)) = dist((x, 1), (h·y, t′′) where h ∈ H, t′′ ∈ U and t−1t′ = t′′h.
It is straightforward to verify that the restriction of dist on X = X × {1}
coincides with the metric of X, and that G acts on the metric space (Z,dist)
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by isometries.
Now let us define the centroid map. Let g, k ∈ G. Consider a geodesic
triangle (1, g, k) in the Cayley graph of G. Denote its geodesic sides by
geod[1, g], geod[g, h], geod[1, k] (pick one geodesic for each pair of vertices
of the triangle). Then there exists a coset tH, t ∈ U , whose δ-neighborhood
satisfies condition (*). This means that there exist three elements u, hg, hk ∈
H such that the following conditions hold.
(1) tuhg is at distance at most σ + 2δ from the geodesic sides geod[1, g]
and geod[g, k].
(2) tuhk is at distance at most σ + 2δ from the geodesic sides geod[1, k]
and geod[g, k].
(3) tu is at distance at most σ + 2δ from the geodesic sides geod[1, g] and
geod[1, k].
Then let us define the centroid function cG : G × G → Z by cG(g, k) =
c(uhg , uhk)× t, that is, we add t as the second coordinate to each vertex of
c(uhg , uhk) to obtain an element from Z
′.
hk
hg
A1
B2
g
B1
C2
s
t
r
r
ss
A21
C1
k
tu
Figure 3: Triangle from H inscribed in a triangle from G
Property (c1) is proved as follows. Fix an element k ∈ G and r > 0, and
let us vary g ∈ G,L(g) ≤ r. Then since tu is at distance at most σ+2δ from
geod[1, g] and from geod[1, k], it is at distance at most σ + 2δ from a point
A2 on geod[1, k] (see Figure 3 which is at distance at most r+4(σ+ δ) from
21
1. The number of such points A2 is at most r + 2(σ + 2δ). The number of
elements inside a ball of radius 2(σ + 2δ) is a universal constant. Therefore
the number of possibilities for tu is at most K1r + K2 for some constants
K1,K2. Since t is the only element from U in the coset tuH, the number
of possibilities for t and the number of possibilities for u do not exceed
K1r + K2. Since the point C1 is determined uniquely by the coset tH, we
have at most K1r + K2 possibilities for the point C1. The distance from
tuhk to C2 is at most σ + 2δ. Hence the number of possibilities for tuhk is
at most K3r +K4 for some constants K3,K4. Thus the number of possible
choices for hk does not exceed P2(r) where P2 is a (universal) polynomial of
degree 2. The length of hg does not exceed r + 2(σ + 2δ). Therefore by the
centroid property (for H), the number of possibilities for cH(uhg, uhk) does
not exceed P (r) where P is a (universal) polynomial. Therefore the number
of possibilities for cG(g, k) does not exceed the number of possibilities for t
times P (r), this is can be bounded from above by (K1r +K2)P (r).
Properties (c2) and (c3) are proved in a similar way and we are leaving
the checking as an exercise for the reader.
Remark 3.14. Theorem 3.13 can be easily generalized to groups that are
(*)-relatively hyperbolic with respect to several subgroups H1, . . . ,Hm sat-
isfying the centroid property.
The proof of the following statement is very similar to (but easier than)
the proof of Theorem 3.13, and is left to the reader.
Theorem 3.15. (a) Suppose that G is (*)-relatively hyperbolic with respect
to subgroups H1, . . . ,Hm. Then G has relative centroid property with respect
to subgroups Hi, i = 1, . . . ,m (see Definition 2.9). Moreover if each Hi has
RD, then each Ti = G ·H3i has RD.
(b) Suppose that G has the relative centroid property with respect to sub-
groups H1, . . . ,Hm each of which has the centroid property. Then G has the
centroid property.
3.5 Lafforgue’s properties (Hδ) and (Kδ)
Conditions (Hδ) and (Kδ) were used by Lafforgue in [14]. Similar conditions
(for δ = 0) were used by Ramagge, Robertson and Steger in [22].
Let X be a metric space, δ ≥ 0. We say that a sequence of points
x1x2 . . . xn in X is a δ-path if
dist(x1, x2) + . . .+ dist(xn−1, xn) ≤ dist(x1, xn) + δ.
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Definition 3.16 (Property (Hδ)). Let δ ≥ 0. A discrete metric space (X, d)
satisfies property (Hδ) if there exists a polynomial Pδ such that for any
r ∈ R+, x, y ∈ X the set
{t ∈ X such that xty is a δ-path, dist(x, t) ≤ r}
contains at most Pδ(r) elements.
We say that a triple (x, y, z) ∈ X3 is δ-retractibe if there exists a point
t ∈ X such that xty, ytz and ztx are δ-paths. (So if X is hyperbolic,
then every triple is δ-retractible where δ depends only on the hyperbolicity
constant.)
Definition 3.17 (Property (Kδ)). Let (X, d) be a metric space and Γ be a
discrete group acting almost freely by isometries on X, δ ≥ 0. We say that
the pair (X,Γ) satisfies property (Kδ) if there exists k ∈ N and Γ-invariant
subsets T1, . . . ,Tk of X3 such that:
(Kδa) There exists C ∈ R+ and a map λ : X3 → ∪mi=1Ti such that if
λ(x, y, z) = (α, β, γ),
then
max{d(α, β), d(β, γ), d(γ, α)} ≤ Cmin{d(x, y), d(y, z), d(z, x)} + δ
(15)
and xαβy, yβγz, zγαx are δ-paths.
(Kδb) For any i ∈ {1, . . . , k} and α, β, γ, γ′ ∈ X, if (α, β, γ) ∈ Ti and
(α, β, γ′) ∈ Ti then the triples (α, γ, γ′) and (β, γ, γ′) are δ-retractable.
It was proved in [14] that if a group acts almost freely on a metric space
X, and the pair (X,G) satisfies the conditions (Hδ) and (Kδ) for some δ,
then G has property RD.
Problem 3.18. Do conditions (Hδ) and (Kδ) imply the centroid property?
Although we do not know the answer to this problem, the following
statement holds.
Theorem 3.19. If a group G satisfies (Hδ) and (Kδa) for some δ and some
G-invariant sets T1, ..., Tm ⊆ X3, then G has the relative centroid property
with respect to T1, . . . , Tm.
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Figure 4: Condition (Kδa).
Proof. Let λ be the map from (Kδa). Pick a point x0 ∈ X. For every g, k ∈ G
let rc(g, k) = λ(x0, g · x, k · x),We will show that rc satisfies (rc1)-(rc4).
(rc1) Pick k ∈ G and let us vary g, L(g) ≤ r. Let (α, β, γ) = rc(g, k) =
λ(x0, g·x0, g·x0). Then by (Kδa) x0αβ(g·x0) is a δ-path. Hence dist(x0, α) ≤
r + δ because L(g) ≤ r. Since (k · x0)αx0 is a δ-path, by (Hδ) the number
of possible points α does not exceed Pδ(r+ δ). Since dist(α, γ) ≤ Cr+ δ by
(15), and αγ(k · x0) is a δ-path, by (Hδ) the number of possible points γ for
a given α does not exceed Pδ(Cr + δ). Thus the possible number of pairs
(α, β) does not exceed Pδ(r + δ)Pδ(Cr + δ).
(rc2) is proved in the same way as (rc1).
(rc3) Pick h ∈ G and let us vary g ∈ G, L(g) ≤ r. Let (α, β, γ) =
rc(g, gh) = λ(x0, g·x0, (gh)·x0). As in the proof of (rc1), dist(g·x0, β) ≤ r+δ,
hence dist(x0, g
−1 · β) ≤ r. Since x0(g−1 · β)(h · x0) is a δ-path, the number
of possible points g−1β does not exceed Pδ(r+ δ). Then, as before, given β,
the number of possible points g−1 · γ does not exceed Pδ(Cr+ δ). Therefore
the number of possible pairs g−1 · (β, γ) does not exceed Pδ(r+δ)Pδ(Cr+δ).
(rc4) immediately follows from (15).
Remark 3.20. By [14, Proposition 2.3], every set of triples T ⊆ X3 satis-
fying Hδ and (Kδb) has property RD. Thus properties (Hδ) and (Kδ) imply
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RD by Theorem 2.8 (of course that result is proved in [14] too6). It would
be interesting (in view of Problem 3.18) to find out if (Hδ), (Kδb) imply a
(correctly formulated) centroid property for each Ti.
3.6 Graph products of groups
3.6.A Direct products
As far as I know the only proof of property RD that does not involve a
centroid-like property is the proof by Jolissaint [13] that a direct product of
two groups A,B (and more general “polynomially growing" extensions of A
by B) have RD if and only if both A and B have RD. For completeness we
present the proof for direct products here. It is based on the proof from [13]
and the clarifications sent to us by Paul Jolissaint.
Theorem 3.21 (Jolissaint [13]). Let A,B be two countable groups with
length functions LA, LB, let A × B be the direct product with length func-
tion L(a, b) = L(a) + L(b). Then A × B has property RD with respect to L
if and only if A has property RD with respect to LA, and B has property RD
with respect to LB.
Proof. The “only if" part is obvious because the restriction of L on A (resp.
B) coincides with LA (resp. LB). Suppose that both A and B have property
RD, and PA, PB are the corresponding polynomials. Let φ,ψ be two func-
tions A×B → R+ with finite supports and prop(φ) = r. In what follows a, α
denote elements from A, b, β denote elements from B. We need to estimate
||φ ∗ ψ||2 =
∑
a,b
∑
α,β
φ(α, β)ψ(α−1a, β−1b)
2 . (16)
Let us denote φ(α, β) by φα(β) and ψ(α, β) by ψα(β). That is, for each
α ∈ A we introduce two functions φα, ψα : B → R+. Then (16) can be
rewritten as
∑
a
∑
b
∑
α
∑
β
φα(β)ψα−1a(β
−1b)
2 . (17)
6Note, though, that [14, Lemma 3.6] which is supposed to define the relative centroid
map does not have a proof (and the map is not constructed in [14]). A proof is substituted
by a not very precise reference to [22].
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For every a ∈ A, b ∈ B let us denote ∑
α
∑
β
φα(β)ψα−1a(β
−1b) by fa(b).
That is, we introduce a new function fa : B → R+ for each a ∈ A. Then
(17) can be rewritten as∑
a
∑
b
fa(b)
2 =
∑
a
||fa||2. (18)
Note that fa =
∑
α
φα ∗ ψα−1a. Therefore (18) can be rewritten as
∑
a
∣∣∣∣∣
∣∣∣∣∣∑
α
φα ∗ ψα−1a
∣∣∣∣∣
∣∣∣∣∣
2
which does not exceed
∑
a
(∑
α
||φα ∗ ψα−1a||
)2
(19)
by the triangle inequality.
Note that for each α, prop(φα) ≤ r. Therefore by property RD for B
(19) can be estimated from above by
PB(r)
∑
a
(∑
α
||φα|| · ||ψα−1a||
)2
. (20)
Now for every a ∈ A let Φ(a) = ||φa||,Ψ(a) = ||ψa||. Thus we introduced
two functions Φ,Ψ: A→ R+. It is easy to check that
||Φ|| = ||φ||, ||Ψ|| = ||ψ||.
Then (20) can be rewritten as
PB(r)||Φ ∗Ψ||2.
Since the propagation of Φ does not exceed r, by property RD for A we
can estimate this from above by
PA(r)PB(r)||Φ||2||Ψ||2
which is equal to PA(r)PB(r)||φ||2||ψ||2.
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Remark 3.22. It would be interesting to find a property which would gen-
eralize the relative centroid property and hold for direct products. Perhaps a
multi-dimensional version of the relative centroid property should be defined
for this purpose. That could help dealing with uniform lattices in semi-simple
Lie groups of higher ranks.
Remark 3.23. It is easy to check that if a group A (resp. B) has the relative
centroid property with space of centroids X, sets of triples T1, . . . , Tm, and
a relative centroid map rcA (resp. Y, T
′
1, . . . , T
′
n, rcB), then A × B has the
relative centroid property with respect toX×Y , Ti×Tj , 1 ≤ i ≤ m, 1 ≤ i ≤ n
and rcA × rcB 7→ ((a, b), (α, β)) → (rcA(a, b), rcB(α, β)) (where we identify
(X × Y )3 with X3 × Y 3 in the natural way). In particular if both A and B
have the centroid property, then A×B has the centroid property.
3.6.B Graph products7
Graph products of groups generalize both direct products and free products.
Let Γ = (V,E) be a finite unoriented graph with vertex set V and edge set
E without loops and multiple edges. For each v ∈ V let Gv be a group. The
graph product G =
∏
ΓGv is the quotient of the free product ∗
v∈V
Gv by the
normal subgroup generated by all commutators [g1, g2] where g1 ∈ Gv1 , g2 ∈
Gv2 , (v1, v2) ∈ E. Every element g ∈ G is a product of syllables
g = gv1 . . . gvm , (21)
where gvi ∈ Gvi , vi 6= vi+1 for every i. The minimal such m is called the
syllable length of g, denoted by λ(g). It is known [10, Theorem 3.9] that
any two representations (21) of g of minimal length (such representations
are called reduced) differ only by the order of the syllables. Thus if we have
a length function Lv on each group Gv , we can define a length function L
on G by
L(g) =
m∑
i=1
Lvi(gi) + λ(g)
for every minimal representation (21). The length function induced by L
on each Gv is equivalent to Lv because λ(g) = 1 for each g ∈ Gv . A
representation g = u1u2 . . . un will be called a factorization if λ(g) = λ(u1)+
. . . + λ(un).
7This subsection is written jointly with Mitchel Kleban as a part of his Summer 2014
REU project.
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For every full subgraph Γ′ = (V ′, E′) ⊆ Γ let GΓ′ be the corresponding
graph product
∏
Γ′ Gv . It is clear [10] that GΓ′ is a subgroup of G (and the
natural map from GΓ′ to G is injective).
Let C be the set of all cliques of Γ (that is, subsets of V where each pair
of vertices is connected by an edge). For every C ∈ C we call GC a clique
subgroup of G. Clearly every clique subgroup GC is the direct product of the
vertex groups Gv , v ∈ C. Moreover since the syllable length of every element
of a clique subgroup GC does not exceed |C|, the restriction of the length
function L of G to GC is equivalent to the natural length function of GC :
LC(gv1 . . . gvm) = Lv1(gv1) + . . .+ Lvm(gvm)
where gvi ∈ Gvi , vi ∈ C, i = 1, . . . ,m.
The main result of [7] is that the graph product G has property RD with
respect to the length function L if and only if each Gv, v ∈ V, has property
RD with respect to the length function Lv. This fact follows from the next
theorem, Theorem 3.21 and Theorem 2.8. Note though that the proof of the
next theorem is based on the intermediate results from [7].
Theorem 3.24. The graph product G has the relative centroid property with
respect to the clique subgroups GC , C ∈ C (see Definition 2.9).
Proof. Let g, h ∈ G, k = gh with λ(k) = λ(g) + λ(h) − q, q ≥ 0. Then by
[7, Lemma 3.2] there exists a clique C ∈ C, and factorizations g = g1s1w,
h = w−1s2h1 where s1, s2 ∈ C, λ(s1) = λ(s2) = λ(s1s2) = |C| and q =
|C| + 2λ(w). Let s = s1s2. Then the representation of k as g1sh1 is a
factorization.
Define the map rc : G2 → G ·G3C by
rc(g, k) = (g1, g1s1, g1s1s2).
Let us prove (rc1)− (rc4). We keep the above notation.
To prove (rc1) let us fix k ∈ G and vary g ∈ G, L(g) ≤ r. Let rc(g, k) =
(g1, g1s1, g1s). Then λ(g1) ≤ λ(g) ≤ r. Since k = g1sh1 is a factorization,
the number of possibilities for g1 and g1s can be bounded from above by some
polynomial P1(r) by [7, Lemma 3.1]. Therefore the number of possibilities
for the pair of points (g1, g1s) is bounded by, say, P1(r)
2.
To prove (rc2), fix g, L(g) ≤ r, and vary k. Let rc(g, k) = (g1, g1s1, g1s).
Then since g = g1s1w is a factorization, and λ(g1) ≤ r, the number of
possibilities for the pair (g1, g1s) can be again bounded from above by P1(r)
2.
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To prove (rc3), fix h = g
−1k and vary g, L(g) ≤ r. Let rc(g, gh) =
(g1, g1s1, g1s). Then
g−1rc(g, gh) = (g−1g1, g
−1g1s1, g
−1g1s) = (w
−1s−11 , w
−1, w−1s2)
where h = w−1s2h1 is a factorization. Again, since λ(w) ≤ r, the number of
choices for (w−1, w−1s2) is bounded from above by P
2
1 (r). This gives (rc3).
The property (rc4) follows from the fact that if rc(g, k) = (g1, g1s1, g1s),
then g1sw (for some w) is a factorization of g (hence every syllable of g1s1 is
a syllable of g), g1sh1 is a factorization of k and w
−1s2h1 is a factorization
of g−1k where s2 = s
−1
1 s.
Theorems 3.24, 3.15 and Remark 3.23 imply the following corollary.
Corollary 3.25. Any graph product of groups with centroid property has the
centroid property.
4 Groups without RD and open problems
Here we shall give a simple example of a group which does not contain
amenable subgroups of superpolynomial growth and does not have property
RD.
First let us deduce a simple “non-amenability-like" property from RD.
Suppose that a countable group G with length function L has property RD
for some polynomial P (r). Let r > 0 and let S,X be any two finite subsets
of G, all elements of S have length at most r. Let φ be the indicator function
of S, let ψ be the indicator function of X. For every g ∈ SX let ng be the
number of decompositions g = sx, s ∈ S, x ∈ X. Then it is easy to compute
that ||φ ∗ ψ||2 =∑g∈SX n2g, ||φ|| =√|S|, ||ψ|| =√|X|. Thus∑
g∈SX
n2g ≤ P (r)|S||X|.
By (2), we have
P (r)|S||X| ≥
(∑
g∈SX ng
)2
|SX| =
|S|2|X|2
|SX| .
Hence we deduce
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Proposition 4.1. For every countable group G satisfying property RD with
respect to a length function L and polynomial P (r), every two finite subsets
S,X from G such that every element of S has length at most r we have
|SX| ≥ |S||X|
P (r)
.
Remark 4.2. It is worth noting that if we do not have the restriction that
φ and ψ take only values 0 and 1, we will not get a stronger inequality.
Indeed, let φ and ψ be arbitraty functions G → R+ with finite supports
S,X. Then for every α > 0 let Sα = φ
−1(α), Xα = ψ
−1(α). Then we have
||φ||2 =∑
α
α2|Sα|, ||ψ||2 =
∑
β
β2|Xβ |. Also
||φ ∗ ψ||2 =
∑
z∈SX
∑
α,beta
αβnα,β(z)
2
where nα,β(z) is the number of decompositions z = sx, s ∈ Sα, x ∈ Xβ.
Applying (2), we obtain the following inequality
||φ ∗ ψ||2 ≥
( ∑
z∈SX
∑
α,β
αβnα,β(z)
)2
|SX| =
(∑
α,β
αβ|Sα||Xβ |
)2
|SX|
=
(∑
α
α|Sα|
)2(∑
β
β|Xβ |
)2
|SX| .
Thus property RD implies the following inequality
|SX| ≥ 1
P (r)
(∑
α
α|Sα|
)2
∑
α
α2|Sα|
(∑
β
β|Xβ |
)2
∑
β
β2|Xβ | (22)
for some polynomial P where r is the maximal length of elements in S. But
the quotient
(∑
α
αmα
)2
∑
α
α2mα
never exceed m =
∑
α
mα if mα ≥ 0. Indeed it is
enough to write (∑
α
αmα
)2
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as (∑
α
(α
√
mα)
√
mα
)2
and apply the Cauchy-Schwarz inequality. Thus the right hand side of (22)
does not exceed |S||X|P (r) , and so (22) follows from the inequality in Proposition
4.1.
Clearly, Proposition 4.1 shows that groups with property RD have strong
expansion property. We shall call the property from Proposition 4.1 the
property of Rapid Expansion. Proposition 4.1 immediately implies the well-
known fact [13] that a group with property RD cannot have an amenable
subgroup of superpolynomial growth (with respect to the length function
L of the whole group) [13]. Indeed, suppose that a group G with length
function L has property RD and contains an amenable subgroup H whose
growth (with respect to L) is superpolynomial. Let r be such that the set
Sr of elements of H of length ≤ r has more than 2P (r) elements. Since H
is amenable, there exists a (Følner) set X such that |SX| < 2|X|. Then
|SX| < |S||X|P (r) which contradicts Proposition 4.1.
In [27, Section 3], Valette defined another non-amenability-like conse-
quence of the property RD. He considered radial functions (i.e., functions
that are constant on spheres around the identity) instead of the indicator
functions of finite sets. The property deduced in [27] is more related to
the Kesten definition of amenability in terms of the spectral radius, and the
Rapid Expansion property is related to the Følner definition. Of course these
two approaches to amenability are close.
Using Proposition 4.1, it is not difficult to construct a countable group
with some length function L which does not have RD and does not have
amenable subgroups with superpolynomial growth. Indeed, let G be the
free product of all free Abelian groups Zn of finite ranks n ≥ 1. Suppose
that the free factor Zn is generated by a1,n, . . . , an,n. Let us assign to each
ai,n the weight n ≤ wi,n ≤ p(n) for some increasing function p : N → N.
For every element g ∈ G let Lp(g) be the smallest weight of a word in ai,n
representing g. Then Lp is a length function on G. Note that Z
n has growth
function ≥ Cnrn for some constant Cn with respect to the generating set
a1,n, . . . , an,n. Since the weight of every letter ai,n is at most p(n), the weight
of every word in a1,n, . . . , an,n of length ≤ r is at most p(n)r. Therefore the
growth function of each Zn with respect to the length function L is at least(
r
p(n)
)n
. Now take any polynomial P (r) of degree n. Then the growth
function of Zn+1 with respect to the length function L is greater than 2P (r)
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for all sufficiently large r. Let Sr be the ball (with respect to Lp) or radius r
in Zn+1, r ≫ 1. Since Zn+1 is amenable, there exists a finite set X ⊂ Zn+1
such that |SX| ≤ 2|X|. Then
|SX| ≤ 2|X| < |S||X|
P (r)
,
hence G with the length function L does not have property RD by Propo-
sition 4.1. By Kurosh’s theorem every subgroup of G either contains a free
non-Abelian subgroup or is conjugated to a subgroup of one of the Zn, and
hence has polynomial growth (since Lp(an,i) ≥ 1).
There are also finitely generated groups without property RD and with-
out amenable subgroups of superpolynomial growth. One such group was
constructed by Denis Osin in 2012 (unpublished).
Alternatively using [18, 19], one can construct a 2-generated group with-
out property RD where every amenable subgroup is cyclic and is quasi-
isometrically embedded (hence has linear growth). For this, let G be the
free group of countable rank freely generated by xi, i ∈ N. Define the length
function L by setting L(xi) = L(x
−1
i ) = log2 i + 1, i ∈ N, and for every
reduced word w, define L(w) as the sum of lengths of its letters. It is easy to
check that L is a length function, and, moreover, for every n ≥ 1 the number
of elements in G of length at most n is at most 3n. The group G does not
have property RD by Proposition 4.1.
Note that every cyclic subgroup of G is obviously undistorted, hence has
linear growth with respect to the length function of G. Let F2 = 〈a, b〉 be
the free group of rank 2. The group H is constructed as a factor-group
of the free group F2 ∗ G by the normal subgroup generated by elements
xiw
−1
i , i ≥ 1 where wi belongs to some set of positive seventh power-free
words in a, b satisfying the small cancelation condition C ′( 1100 ) such that
log2 i + 1 ≤ |wi| ≤ d(log2 i + 1) for some constant d > 1. This set of
words can be found in [18, 19]. Then H is generated by the images of a, b,
the natural map xi 7→ wi embeds G into H, and the length function of
G induced by the word length function of H is equivalent to L (see [18]).
Moreover by [19, Theorem 1.3] every non-cyclic subgroup of H contains a
free non-Abelian subgroup and every cyclic subgroup of H is undistorted by
[19, Theorem 1.4].
We finish the paper with a few more open problems.
Problem 4.3. Is there a finitely presented group without property RD and
without amenable subgroups of superpolynomial growth?
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It is quite possible that one of the versions of the Higman embedding
theorem (see [23, 24]) will give such a group.
Problem 4.4. Is the property of Rapid Expansion equivalent to the property
RD?
Remark 4.2 can serve as an evidence that the answer may be “yes". In
view of this remark, one can also formulate a weaker question.
Problem 4.5. Is it true that property RD is equivalent to the inequality
||φ ∗ ψ||2 ≤ P (r)||φ||2||ψ||2
(as in Definition 1.2) for indicator functions φ, ψ of finite sets?
Finally, we mention a problem first formulated by Nica [15].
Problem 4.6. Find an infinite finitely generated torsion group with property
RD.
A formally stronger problem is to find an infinite finitely generated tor-
sion group with the centroid property. A formally weaker problem is to find
an infinite finitely generated torsion group satisfying the Rapid Expansion
property.
One approach in dealing with Problem 4.6 is to consider a torsion la-
cunary hyperbolic group given by a presentation satisfying certain small
cancelation condition considered, for example, in [20], and mimic the proof
of Corollary 3.7.
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